Abstract-Although a significant attention has been drawn to the concept of multiple-input multiple-output (MIMO) radar and in particular on the transmit beamforming design and multitarget localization, the cooperation between the transmitter (Tx) and the receiver (Rx) has been rarely investigated. In this paper, a novel joint Tx and Rx optimization approach for localization is proposed for MIMO radar, where the transmit beamforming design and the estimation of the target's complex path gain are jointly derived by solving an optimization problem that takes account various target parameters. Moreover, the proposed transmit beamforming design controls the power distribution per individual target. The performance of the proposed method is evaluated using computer simulation studies and compared with techniques which simply combine Tx beamforming design with multitarget localization methods.
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I. INTRODUCTION
A MULTIPLE-INPUT MULTIPLE-OUTPUT (MIMO) radar [1] - [3] is a system which employs multiple antennas at both the transmitter (Tx) and receiver (Rx) emitting orthogonal waveforms through the Tx array and processing echoes received by the Rx array. According to the array configuration, MIMO radars can be mainly classified into two types. One type employs large aperture arrays [2] at both Tx and Rx. This kind of MIMO radar systems deals with an extended target model which contains rich scatterers. The large aperture arrays at both Tx and Rx enable MIMO radar to view different aspects of a target from different angles simultaneously. In other words, the large aperture arrays exploits the spatial diversity of the target's radar cross section (RCS) to reduce the scintillation effects. Rather than distributing Tx and Rx antennas in a large area, the other type employs small aperture arrays for both the Tx and Rx sites so that MIMO radar views the same aspect of a target from the same angle (monostatic radar [3] , [4] ) or different angles for Tx and Rx arrays (bistatic radar [3] ). In this case, point targets in the far field of MIMO radar are assumed. With the transmit waveform diversity, MIMO radar with small aperture arrays at both Tx and Rx achieves flexible transmit beampattern design [5] , [6] and enhances the ability of multitarget localization [7] . This paper is concerned with small aperture arrayed monostatic MIMO radar.
Recent work in small aperture arrayed MIMO radar mainly focuses on the multitarget localization [8] - [15] and the transmit beamforming design [5] , [6] , [16] , [17] . The parameters including DOA, Doppler and range of targets are normally assumed unknown in the multitarget-localization scenario. Thus, the orthogonal waveforms are usually utilized in the MIMO radar in order to provide an equivalent gain for the whole space and keep the echoes from the multiple targets uncorrelated to each other within a single pulse period. Thus, many direction finding algorithms employed in passive and active radars can be applied directly for the multitarget localization in MIMO radar such as Least Squares (LS), Capon, Amplitude and Phase EStimation (APES) [8] , [9] , ESPRIT [10] , [11] and Iterative Adaptive Approach (IAA) [12] [18], etc. In [14] a multitarget localization method for MIMO radar with mutual target interference cancellation capabilities has been proposed, outperforming the existing methods. However, the advantages offered by transmitting orthogonal waveforms are based on the sacrifice of high directional gain obtained by the transmit beamforming design. Having limited power and transmitting orthogonal waveforms leads to the degradation of the resolution and accuracy of tar-gets' locations. On the other hand, due to the flexibility in the choice of the transmitted waveforms in the MIMO radar, some work related to transmit beamforming has been done. For instance, in [5] , [6] the aim is to design the covariance matrix of the probing waveforms in order to approach a desired transmit beampattern. Furthermore, in [16] , [17] the transmit beamforming is in a form called transmit subaperturing approach or transmit array partitioning. Thus, with transmit beamforming, a radar system can provide high directional gain which can enhance the performance of the multitarget localization, especially the resolution capabilities and the estimation accuracy of various target parameters of interest.
Therefore, an intuitive way to let the multitarget localization of MIMO Radar enjoy the benefits provided by the transmit beamforming is the joint Tx-Rx optimization based on a multitarget localization strategy. This may work in an iterative way where the estimates of targets' locations by the Rx array are based on the Tx beams which are generated corresponding to the previous estimates of the targets' locations. However, most recent designs of the transmit beams aim to match a desired beampattern such as an approximately rectangular beampattern [5] , [6] . Moreover, for the desired beampattern, the values of the directional gains for the pre-known targets are preset without any criteria. In fact, with limited transmit power, it is difficult to set these values directly due to the lack of the knowledge of the targets' locations. Therefore, the current beampattern matching designs are not suitable for the joint Tx-Rx multitarget localization. In [5] , a method named maximum power design is proposed for the transmit beamforming. In this beamforming method, the beams are formed using the eigenvector associated with the maximum eigenvalue of the covariance matrix composed by the manifold vectors of known directions of targets. Thus, this maximum power method can be simply employed by the joint Tx-Rx multitarget localization. However, this design maximizes the total power at the directions of targets of interest while the distributed power for individual target is not controlled. Hence, this joint Tx-Rx multitarget localization may fail to work due to the lack of energy illuminated on some of the targets.
Inspired by the joint Tx-Rx beamforming for MIMO communications [19] - [21] , a novel joint Tx-Rx optimization approach for multitarget localization is proposed in this paper. In the proposed approach, the transmit beamforming matrix is generated by solving an optimization problem which takes account of not only the previous estimates of the directions but also the estimates of delays and path gains of targets. Moreover, a novel multitarget DOA and delay estimation method based on the current transmit beamforming matrix is presented. It is worth noting that the proposed approach allows the control of the Tx power illuminated at each target's location by solving a constrained optimization problem. Thus, the proposed joint Tx-Rx multitarget localization approach achieves higher resolution and more accurate estimation of targets' locations than the methods which simply combine the transmit beamforming in multitarget localization.
The main contribution of this paper is to propose a novel MIMO radar system with enhanced resolution capabilities and target parameter estimation accuracy. This takes into account not only the geometries of both Tx and Rx antenna arrays but also the relative target path delays and directions. It uses the concept of the array manifold of both Tx-array and Rx-array which are functions of targets directions. Furthermore, it is based on solving a joint transmitter-receiver optimization problem, using the data collected over a small observation interval of L snapshots and under various constraints/conditions for each target. In the proposed approach, the following target parameters are estimates: r directions, r delays (relative to the receiver's reference clock/point), r complex path gains (reflection coefficients), in conjunction with:
r the weight vector of the Rx-beamformer, and r the weight matrix of a multibeam Tx beamformer.
In particular, an iterative approach is presented which takes into account the inter-dependence of the Tx, Rx and target parameters. This provides (during the observation interval of L snapshots) an iterative estimation of several multi-target parameters plus the weight matrix of the multibeam Tx beamformer which is then "copied" into the transmitter.
The rest of this paper is organized as follows. Section II describes the MIMO radar system model. In Section III, an MSE-based optimization problem for the joint Tx-Rx multitarget localization is proposed and its solutions are derived. Based on this optimization problem, a multitarget DOA and delay estimation method is proposed. Utilizing the results of Section III, a novel joint Tx-Rx multitarget localization approach is presented in Section IV. Although clutter-suppression is not the main aim of this paper, a simple and efficient way of handling the clutter effects is presented in Section V. In particular, the clutter-plus-noise can be seen as "color-noise" and this section presents an approach for "whitening" the clutter-plus-noise effects. Following this, computer simulation results are presented in Section VI and finally the paper is concluded in Section VII.
II. SIGNAL MODEL
Consider a narrowband MIMO radar system with the Tx array of N T x antennas and the Rx array of N Rx antennas. It is assumed that both the Tx and Rx arrays are calibrated with known geometries and common reference point ("colocated", monostatic radar). Thus, each target is at the same location with respect to both Tx and Rx arrays. Without loss of generality, the Tx array, the Rx array and the targets are located in a two-dimensional space with the targets at the far-field of the radar.
At the Tx array, N T x pulsed waveforms m i (t), i = 1, 2, . . . , N T x which have good auto-and cross-correlation properties are utilized. That is, if m(t) is defined as
then Assuming there are K point targets at distinct directions 2 θ k , k = 1, 2, . . . , K with respect to the radar's common reference point (i.e. the origin of the Cartesian coordinate system). Then, the transmitted waveforms are reflected by multiple targets and received by the Rx array. Fig. 2 shows the configuration and the propagation of pulses along the time axis. Thus, ignoring the common delay τ 0 for simplicity (i.e. the time reference is taken at the receiver, t Rx = 0), the equivalent baseband received vector-signal x(t) (see Point-B in Fig. 1 ) can be written as
where
denote the manifold vectors of the Tx and Rx arrays respectively for the k th target, which are defined as
with θ k denoting the azimuth angle. In (4) and (5) 
is the wavenumber vector (pointing towards the target at the direction θ k ) with F c denoting the carrier frequency and c representing the velocity of light. Furthermore, in (3), the matrix W T x is the transmit beamforming matrix, the parameter β k denotes the reflection coefficient associated with the k th target and n(t) is the isotropic complex Gaussian noise vector [22] of 0 N R x mean and covariance σ 
Note that the period of a subpulse T c is the minimum recognized delay which is proportional to the range resolution (the size of range bin) [23] . Then the discretized received data matrix X ∈ C N R x ×L can be given according to (3):
where L = N c + Q is the number of snapshots (subpulses), in which Q refers to the maximum tolerable delay. Furthermore, the matrix M ∈ C N T x ×L denotes the zero-appended transmitted waveform matrix and J represents the (L × L) time upper shift matrix which is defined as
In such a MIMO radar system, θ k , β k and k are the unknown parameters to be estimated for the localization of the k th target, where r θ k describes the direction of the target, r the complex path gain β k incorporates the effects of the reflection material of target and its magnitude is inversely proportional to the power of the distance of the target [24] , and r the delay k indicates the relative distance of the k th target from the Rx reference clock (i.e. t Rx = 0).
III. FRAMEWORK OF JOINT TX AND RX MSE-BASED OPTIMIZATION
For the aim of improving the multitarget localization at Rx by iteratively updating the Tx beamforming matrix according to the estimates given by the previous targets' localizations, a joint Tx-Rx multitarget localization approach (as illustrated in Fig. 1 ) is proposed. Firstly, inspired by the APES method [9] , the design of Tx beamforming matrix and the estimation of target's path gain are derived from the following constrained optimization problem:
where w Rx,k is the Rx beamforming vector for the k th target. The output of this Rx beamformer should be as close as possible to a signal which only includes the parameters for the k th target (i.e.,
. An alternative framework is described next where initially the vectors w Rx,k and β k are expressed in terms of the matrix W T x . Then an iterative approach is formulated (see Section IV) to reach the solution to the optimization problem of (10).
A. The Optimal Rx Beamforming Vector w Rx
For the k th target, with fixed β k and W T x , (10) becomes a constrained minimization problem with respect to w Rx,k .
That is
which can be solved by using the Lagrange multiplier methodology. If ξ k denotes the unconstrained augmented objective function of (11), then
Setting the derivative of the cost function ξ k with respect to w Rx,k to zero, i.e.
Then, substituting (17) into the constraint of the minimization problem in (11b) yields the solution for the Lagrange multi-
Finally, inserting (18) back into (17) and rearranging gives the solution for w R x , k
It is worth to point out that these Rx beamforming vectors w Rx,k ∀k = 1, . . . , K are the essential intermediate solutions used for the derivation of the solutions β k ∀k = 1, . . . , K and W T x and will be used in the proposed approach in the next section.
B. The Estimation of Complex Path Gain β
The estimation of complex path gain is obtained from the solution β k to the optimization problem in (10) for a given W T x . Firstly, considering the optimization problem in (10) with the fixed W T x and w Rx,k for the k th target. That is,
Let the derivative of the object function in (20) with respect to the complex path gain β k equal zero, i.e.
Then after rearranging, the solution of the complex path gain β k can be expressed as
Thus, substituting w H Rx,k given by (19) into (22) yields (23), shown at the bottom of this page, which provides the estimation of the complex path gain β k . It is now clear from (23) that the complex path gain β k of target is a function of only three parameters. These are the Tx beamforming matrix W T x , the k th target's DOA θ k and the delay k . This implies that the complex path gain β k of the k th target can be estimated if Tx beamforming matrix W T x , DOAs θ k and delays k are known. However, these parameters remain unknown and we will focus next on designing W T x and estimating θ k and k for every target, i.e. ∀k.
C. Designing the Tx Beamforming Matrix W T x
Intuitively, the solution of W T x should be given by solving the minimization problem in (10) with fixed β k and w Rx,k ∀k = 1, . . . , K. That is, the minimization problem of (10) is modified as follows
where the solution W T x,k can be obtained by setting the derivative of the cost function in (24) equal to O N T x ×N T x , which gives the expression
Then, inserting (19) into (25) yields
Note that (26) represents a set of equations with more unknown than the number of equations. Taking into account that S
, an analytical solution of the matrix W T x,k for the k th target that satisfies (26) is given as follows
and this is valid for every target, i.e. ∀k. Finally, for the purpose of forming beams towards the locations of all the K targets, the Tx beamforming matrix W T x is generated by the summation of the normalized beamforming matrix W T x,k , k = 1, . . . , K, i.e.
Eqn. (30) can be deployed in a MIMO radar systems subject that the DOAs, delays and complex path gains (as shown in Fig. 1 ) of the targets can be estimated and this is our next task. It is important to note that the Tx beamforming matrix W T x has to be normalized according to the constraint of the maximum transmit power in radar systems.
D. Proposed Multitarget DOA and Delay Estimation Method
In the previous discussion, the estimation of the complex path gain β k and the design of Tx beamforming W T x were presented, based on the assumption that the locations of multiple targets, i.e., the DOAs θ k and delays k , ∀k = 1, . . . , K of the k th target are pre-known or pre-estimated. Therefore, the estimation of these two critical sets of parameters (θ k , k ), ∀k = 1, . . . , K are needed. Here, a joint DOA and delay estimation method based on a spatial-temporal spectrum search is proposed which is defined as follows
where the vector w Rx (θ, ) is given by (34) (derived from (19) ) and β(θ, ) is the optimal solution of (23) for the complex path
gain, re-expressed in the form of (35) where R xm and R m m are defined as
and (34) and (35), shown at the bottom of this page. Note that in (31), the denominator is the proposed MSE criterion in (10) while the numerator is the power of the beamformer's output signal power and the overall cost function is used to find the (θ, ) that maximizes this ratio, i.e. simultaneously maximizes the numerator and minimizes the denominator. Thus, in (31), a two-dimensional search is needed for finding the peaks whose coordinates are referring to the estimates of all targets' DOAs and delays, respectively. Moreover, it is important to point out that in this paper it is assumed that the number of targets is known. This number (detection problem) can be estimated using existing criteria, such as AIC [25] , MDL [26] , Gershgorin disks [27] , etc.
IV. JOINT TX AND RX MULTITARGET LOCALIZATION APPROACH
A. Proposed Joint Tx and Rx Multitarget Localization
From the above analysis, it can be seen that, with estimated DOAs and delays of targets, the Tx beamforming matrix and the estimates of the complex path gains are functions of each other. Thus a joint method is proposed for the multitarget localization in MIMO Radar via several iterative steps.
For the i th iteration and based on the Tx beamforming ma-
from the previous iteration, the DOAs θ Then, the estimates of the complex path gains β [i] k , k = 1, . . . , K are obtained by (23) .
Finally, based on these estimated parameters θ
T x is updated according to (30) .
The initial Tx beamformer should evenly distribute the transmit power towards all the directions due to no prior knowledge of the locations of targets. Thus, an identity matrix is utilized, i.e. W T x = I N T x . A summary of the proposed joint multitarget localization approach is given in Table I . 
B. Proposed Approach Using two Alternative Tx-Beamformers
In the Step-6 of the proposed approach, which is given in Table I , we have used a novel Tx weight matrix which is given by (29) and (30). Here, two other Tx beamformers are introduced which can be utilized in Step-6 instead of (29) and (30).
The first Tx beamformer is the maximum power design which is concerned with maximizing the total power at the estimated directions (θ k , k = 1, . . . , K) of targets [5] and is based on the following constrained optimization problem
Then, the optimum solution is obtained as follows
in which E max is the eigenvector corresponding to the largest eigenvalue of the matrix S T x (θ)S H T x (θ). The second Tx beamformer is the weighted manifold vectors (WMV) of the estimated targets' directions [22] . The WMV method forms the Tx beams via weighting the manifold vectors of the estimated directions of the targets with their estimated
path gains, as follows
It is worth noting that the Tx beamforming matrix needs to be normalized to keep the same total transmit power.
In the next section, the proposed novel beamformer given by (29)/(30) will be examined by computer simulation studies. Furthermore, for comparison, the two Tx beamformers, given by (38) and (39), will be also examined as part of the Step-6 of our proposed multitarget DOA and delay estimation approach.
V. CLUTTER EFFECTS
In the previous sections the radar operates in the presence of targets and additive spatially white Gaussian noise. That is, "clutter-free" case is assumed. In the presence of clutter the signal model of (3) becomes
where x c (t) denotes the received signal vector associated with the clutter. In (41) the sum of clutter and noise terms is not spatially white anymore but it belongs to the family of spatially color-noise. Therefore, it is intuitive to mitigate the clutter in a similar way as the color-noise whitening process used in antenna array signal processing [22] . In this case the second order statistics (covariance matrix) of x(t) can be expressed as follows:
Due to the good correlation properties of transmit signals, it is assumed that the clutter and the targets are located in different range bins 3 , which implies that R tc O N R x ,i.e. the covariance matrix between the echo from target and clutter can be ignored.
In (42), the matrix R c+n denotes the covariance matrix of the clutter plus noise, which can decomposed, using eigendecomposition, as follows
where E ∈ C N R x ×N R x is a unitary matrix with columns the eigenvectors of R c+n and D is a diagonal matrix where its k th 3 Note that the range bin is defined by the interval T c (see Fig. 2 ), which is very small. Any two paths with delays greater that T c have correlation 0) 
Based on the above, let us define a transformation matrix T as follows
By applying T to the received signal x(t), the clutter term can be "isotropically whitened", which implies the covariance matrix of clutter-plus-noise R c,n is effectively transformed into an identity matrix. Indeed,
Therefore, by applying the preprocess matrix T at the received data, the target-plus-clutter case can be transformed to an equivalent clutter-free case where T can be estimated by the data collected in the absence of the targets. To transform the equations of Sections III and IV to the target-plus-clutter case, some parameters should be redefined as shown in Table II . It is also worth noting that if the clutter is not present in the radar's environment, the transformation T is simplified to an identity matrix.
VI. COMPUTER SIMULATION RESULTS
In this section, the performance of the proposed joint Tx-Rx multitarget localization approach is validated using computer simulation studies of 2000 Monte Carlo trials. Consider a set of N T x gold sequences of length N c = 127 are generated for the transmit waveforms of a MIMO radar system and assume the maximum tolerable delay to be Q = 25. Without loss of generality, the total transmit power P T is set to 1. The root-mean-square errors (RMSEs) of the estimated parametersθ k ,ˆ k ,β k , k = 1, . . . , K are utilized to evaluate the performances of the proposed approach and are defined as follows Furthermore, the probability of resolution, which is defined as the number of trials that all the targets can be successfully resolved [28] divided by the total number of trials for each iteration, is also employed as a performance criterion.
In all simulations, it is assumed that there are K = 3 targets located as shown in Table III . The received signal is corrupted by an isotropic complex Gaussian noise of zero mean and covariance σ 2 n I N R x with σ 2 n = 100, i.e., P T /σ 2 n = −20 dB. In each simulation, the proposed iterative localization algorithm will use three different Tx beamforming designs (for comparison) given by (29) and (30), (38) and (39).
Case 1:
Consider a MIMO radar system in which two uniform circular arrays (UCAs) with N T x = 10, N Rx = 15 antennas are deployed in Tx and Rx, respectively, with half-wavelength interelement spacing.
Since there is no prior knowledge about the targets, the transmit power is uniformly distributed in space at the first iteration. Thereafter, the transmit power focuses on the estimated locations of the targets. Thus, the resolution probability of all the methods increases steeply for the few iterations as shown in Fig. 3 . Better than Tx-weights given by (38) and (39), the resolution probability of the proposed Tx-weight vector given by (29) and (30) reaches 1 after several iterations. Moreover, the proposed Tx-weight converges faster than the other two, which implies less pulses are needed for the target localization.
Moreover, the RMSEs of the estimated targets' parameters (θ k ,ˆ k ,β k , k = 1, . . . , K) are given in Figs. 4-6 , respectively. Figs. 4 and 6 show that, after the 20th iteration, (38) and (39) achieve slightly better estimation of the targets' DOA and complex path gains than (29)/(30). This is due to the power allocation tradeoff between the direction towards the target at θ 1 = 60
• and the direction towards the two closely spacing targets at (θ 2 = 106
• , θ 3 = 112 • ). Indeed, Fig. 7 shows that, at the 20th iteration, (39) provides higher gain towards the target at θ 1 = 60
• and (38) provides higher gain towards (θ 2 = 106
• , θ 3 = 112 • ) than the Tx-weight matrix of (29)/(30) (note that in Fig. 7 the solid vertical lines represent the true values of the targets' directions). However, (39) almost provides equal gain towards these two directions while apparently more energy has to be allocated to the direction towards the two closely spaced targets at (θ 2 = 106
• , θ 3 = 112 • ) in order to be able to resolve them. Besides, (38) is unable to control the power distribution for individual target since it only aims to maximize the total power illuminated on all the target without any power constraint for the individual targets. Thus, the resulting powers at the directions of targets might be rather different from one another due to different array geometries and directions of targets. Consequently, some targets may not be detected if insufficient power illuminates these targets. Nevertheless, (29)/(30) controls the power at the direction of each target to avoid this problem.
Furthermore, (29)/(30) provides better estimation of the targets' delays than the other two Tx-weights as shown in Fig. 5 since it takes account of the estimates of targets' delays in the design of Tx beamforming. It is worth to note that (29)/(30) achieves a faster convergence than the other weights, which implies less pulses are needed for the multitarget localization. Figure 8 shows the spectrum of the proposed multitarget DOA and delay estimation approach.
Case 2:
Consider the same scenario as Case 1 but with (N T x = 10, N Rx = 15) uniform linear Tx and Rx arrays (ULAs) of half-wavelength interelement spacing. In this case, (38) fails to work while (29)/(30) provides better performance than (39). Fig. 9 shows the Tx beampatterns of (29)/(30) as well as (39) at the 20 th iteration as well as (38) at the iteration just (38) is also shown at the iteration just before it fails.
before it fails. As seen from this figure, by the maximum power method, the transmit power is mainly allocated towards the targets at θ 2 = 106
• , θ 3 = 112 • (around 10 dB) while the target at θ 1 = 60
• is illuminated by less power (less than -5 dB) since the geometry of the Tx and Rx array is changed from UCAs to ULAs. Consequently, the target at θ 1 = 60
• is not resolved by (38). Moreover, Fig. 10 shows the resolution probability of the proposed Tx weight vector given by (29)/(30). For comparison, in Fig. 10 the resolution probability of (39), LS and Capon methods are also shown. Furthermore, Figs. 11-13 depict the RMSEs of the estimated targets' parameters (θ k ,ˆ k ,β k , k = 1, . . . , K). As shown in all these figures, (29)/(30) significantly outperforms (39) in both the resolution probability and multitarget parameter estimation error 4 . Besides, the proposed joint Tx-Rx approach either with (29)/(30) or (39) significantly outperforms the traditional approaches such as LS and Capon due to the transmit beamforming gain brought by the proposed joint Tx-Rx optimization. Using 2000 computer simulation studies, the proposed approach with the (29)/(30) weights in the Step-6 has 100% successful convergence.
VII. CONCLUSION
In this paper, a joint Tx-Rx multitarget localization approach has been proposed for MIMO radar systems that employ antenna arrays of known geometry. The proposed approach improves the performance of multitarget localization through the cooperation with Tx beamforming in an iterative way. In the proposed approach, the transmit beamforming design and the estimation of the target's complex path gain are jointly derived from the same optimization problem that involves all the target parameters. Furthermore, the proposed DOA and Delay estimation method significantly enhances the resolution of the joint Tx-Rx multitarget localization approach.
